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UNIT 4 EXERCISES 21-25
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1999 . ‘
(B) Since 20% + 21* = 29%, the converse of the

Pythagorean Theorem applies, so the triangle has

a right angle. Thus its hypotenuse is a diameter

of the circle, so the region with area C is a semi-

circle and is congruent to the semicircle formed by

the other three regions. The area of the triangle is

210, hence A+ B+ 210 = C. To see that the other W

options are incorrect, note that

(A) A+ B< A+ B+210=C;

(C) A2+ B*< (A+B)?< (A+ B+210)* =

(D) 20A +21B < 294 + 29B < 29(A + B + 210) = 29C}; and
1 1 1

(E)A2+'§>"—>a
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2016B 21. Answer (B): For any point P between B and D, let ) be the foot of the
perpendicular from P to C'D, let P’ be the intersection of AQ and BD, and
let Q' be the foot of the perpendicular from P’ to CD. Let 2 = PQ and
y = P'Q’". Because APQD and AP'Q'D are isosceles right triangles, DQ = z
and DQ' = y. Because AADQ is similar to AP'Q'Q, 1 = ryy Solving for y

: R
gives y = -
A B A B
lT
F,
‘)
xr
l)
F)‘
Yy

D Q Q c D Q@ Q2 @ c

Now let P, be the midpoint of BD. Then PyQ; = DQ; = % It follows from
the analysis above that PiQs = DQs = %, PoQ3 = DQs = 1, and in general
PiQi+1 = DQit+1 = H_LQ The area of ADQ; P; is

1 1 1 1

The requested infinite sum telescopes:

0
1/1 1 1 1 1 1
;AreaofADQ,-Pi:§(§_§+§_Z+2_5+ )
Itsvalueis-{;-%:%

Created with iDroo.com
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2018B  21. Answer (E): Place the figure on coordinate axes with coordinates

A(12,0), B(0,5), and C(0,0). The center of the circumscribed circle

is the midpoint of the hypotenuse of right triangle ABC so the co-
ordinates of O are (6, g) The radius r of the inscribed circle equals
the area of the triangle divided by its semiperimeter, which here is
30 = 15 = 2, so the center of the inscribed circle is I(2,2). Because
the circle with center M is tangent to both coordinate axes, its cen-
ter has coordinates (p, p), where p is its radius. Let P be the point
of tangency of this circle and the circumscribed circle. Then M, P,

and O are collinear because M P and OP are perpendicular to the
common tangent line at P. Thus MO = OP — MP = % — p. By

the distance formula, MO = \/(p —6)2+ (p — 2)2. Equating these

2
expressions and solving for p shows that p = 4. The area of AMOI
can now be computed using the shoelace formula:

4-2+6-2+2-4—(4-6+5-2+2-4)
2

1
= o
Alternatively, the area can be computed as % times M I, which by the
distance formula is /(4 — 2)2 + (4 — 2)2 = 2v/2, times the distance

from point O to the line M1, whose equation is x — y + 0 = 0. This
last value is

1-64+(-1)-3+0] 7 /3
VAEEW AN 4"
so the area is %(2\/5)%\/5: %

Created with iDroo.com
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2002A 99 (C) Since AB is 10, we have BC' = 5 and AC = 5v/3. Choose E on AC so that
CE = 5. Then BE = 5v2. For BD to be greater than 5v/2, P has to be inside
AABE. The probability that P is inside AABE is

Area of AABE 3EA-BC EA 5/3-5 3-1 3-3
Area of AABC ~ 4CA-BC AC  5/3 V3 3




www.AMC12prep.com Free PDFs Quizzes

2007B 92 Answer (A): Imagine a third particle that moves in such a way that it is
always halfway between the first two. Let D, E, and F denote the midpoints
of BC, CA, and AB, respectively, and let X, Y, and Z denote the midpoints
of AD, BE, and CF, respectively. When the first particle is at A, the second
is at D and the third is at X. When the first particle is at F, the second is at
C and the third is at Z. Between those two instants, both coordinates of the
first two particles are linear functions of time. Because the average of two linear
functions is linear, the third particle traverses X Z. Similarly, the third particle
traverses ZY as the first traverses FB and the second traverses CE. Finally, as
the first particle traverses BD and the second traverses EA, the third traverses
Y X. As the first two particles return to A and D, respectively, the third makes
a second circuit of AXY Z.

If O is the center of AABC, then by symmetry O is also the center of equilateral
AXY Z. Note that

2 1 1
7 =0C—2C = =CF — —=CF = -CF,
0Z = 0C - ZC = ;CF — ;CF = -CF,

so the ratio of the area of AXY Z to that of AABC is

0z\? (iCF\* 1
oc) ~\2CF) 16
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2011B

22. Answer (D): Let 7,, = AABC. Suppose a = BC, b = AC, and ¢ = AB.

Because BD and BE are both tangent to the incircle of AABC, it follows that
BD = BE. Similarly, AD = AF and CE = CF. Then

2BE=BE+BD=BE+CE+ BD+ AD — (AF +CF)
=a+c—b,

that is, BE = % (a + ¢ — b). Similarly AD = 3 (b+c—a)and CF = 5 (a+ b — ¢
In the given AABC, suppose that AB = z+1, BC = z—1, and AC = z. Using
the formulas for BE, AD, and C'F derived before, it must be true that

BE=%((.’1?—1)—}-(.’1,‘—{—1)—:1?):%.’1,‘,

AD=%(m+(z+1)—(x—1))=%x+l, and

1 1
CF=3(z-1)+z—(z+1)=30-1

-

Hence both (BC,CA, AB) and (CF, BE, AD) are of the form (y — 1,y,y+ 1).
This is independent of the values of a, b, and ¢, so it holds for all 7;,. Further-
more, adding the formulas for BE, AD, and CF shows that the perimeter of

T,+1 equals %(a + b+ c), and consequently the perimeter of the last triangle T
in the sequence is

1509

1
———(2011 + 2012 + 2013) = V=3

2N—l

The last member T’y of the sequence will fail to define a successor if for the first
time the new lengths fail the Triangle Inequality, that is, if

2012 2012 < 2012
“lt o tar st o

Equivalently, 2012 < 2V+! which happens for the first time when N = 10. Thus

. . . 54 |4
the required perimeter of Ty is %9 = %.
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AB _ % Let AB = 9z and BC = Tz, let

2002A 23, (D) By the angle-bisector theorem, 56 =
mLABD = m/CBD = 6, and let M be the midpoint of BC. Since M is on

the perpendicular bisector of BC', we have BD = DC = 7. Then
Tz
cosf = %+ =
7

(\C) IR

oe)

Applying the Law of Cosines to AABD yields
92 = (92)2 + 72 — 2(92)(7) (g) ,

from which x = 4/3 and AB = 12. Apply Heron’s formula to obtain the area of

triangle ABD as v14-2-5-7 = 14+/5.
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2002B

23. (C) Let M be the midpoint of BC, let AM = 2a, and let § = ZAMB. Then

cos LAMC = — cosf. Applying the Law of Cosines to AABM and to AAMC
yields, respectively,
a’® + 4a® — 4a%cosfh = 1

and
a® + 4a* + 4a® cos§ = 4.

Adding, we obtain 10a? = 5, so a = v/2/2 and BC = 2a = /2.

OR

As above, let M be the midpoint of BC and AM = 2a. Put a rectangular
coordinate system in the plane of the triangle with the origin at M so that A
has coordinates (0, 2a). If the coordinates of B are (z,y), then the point C has
coordinates (—x, —y),

SO
2+ (2a-y) =1 and 2?4+ (2a+y)* =4

Combining the last two equations gives 2 (:1;2 + y2) +8a? = 5. But, 2% +y? = a?,

so 10a® = 5. Thus, a = \/5/2 and BC = /2.
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2006B o3 (E) Let D, E, and F be the reflections of P about AB, BC, and C'A, respec-
tively. Then LZFAD = ZDBFE = 90°, and ZECF = 180°. Thus the area of
pentagon ADBEF is twice that of AABC, so it is s°.

B
D

F

Observe that DE = 7v/2, EF = 12, and FD = 111/2. Furthermore, (7\/5)2 +
122 = 98 + 144 = 242 = (11v/2)?, so ADEF is a right triangle. Thus the
pentagon can be tiled with three right triangles, two of which are isosceles, as

shown.
B 7 D
7
E‘ 11
12 A
11
F
It follows that
s’ = %-(72+112)+%-12-7\/§=85+42\/§,
soa-+b=127.
OR

Rotate AABC 90° counterclockwise about C, and let B’ and P’ be the images
of B and P, respectively.

B

Pl

B’ C A

Then CP' = CP = 6, and ZPCP’' = 90°, so APCP’ is an isosceles right
triangle. Thus PP’ = 6y/2, and BP’ = AP = 11. Because (6\/5)2 +72 =112,
the converse of the Pythagorean Theorem implies that ZBPP’ = 90°. Hence
/ZBPC = 135°. Applying the Law of Cosines in ABPC gives

BC? =62 +7%—-2-6-Tcos135° = 85 + 42V/2,

and a +b = 127.

Created with iDroo.com
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2007B  23. Answer (A): Let the triangle have leg lengths a and b, with a < b. The given
condition implies that

%ab=3(a+b+\/a2+b2),

" ab — 6a — 6b = 61/a? + b2.
Squaring both sides and simplifying yields
ab(ab—12a — 12b+ 72) = 0,
from which
(a—12)(b—12) = T72.

The positive integer solutions of the last equation are (a,b) = (3,4), (13,84),
(14,48), (15,36), (16,30), (18,24), and (20,21). However, the solution (3,4) is

extraneous, and there are six right triangles with the required property.

Query: Why do the given conditions imply that the hypotenuse also has integer
length?

11



www.AMC12prep.com Free PDFs Quizzes

2018A 93 Answer (E): Extend PN through N to Q so that PN = NQ.

Segments UG and PQ bisect each other, implying that UPGQ is
a parallelogram. Therefore GQ || PT, so ZQGA = 180° — 4T =
LTPA+ LTAP = 36° + 56° = 92°. Furthermore GQ = PU = AG,
so AQGA is isosceles, and ZQAG = 3(180° — 92°) = 44°. Because
MN is a midline of AQPA, it follows that M N || AQ and

INMP = LQAP = LQAG + LGAP = 44° + 56° = 100°,

so acute ZNMA = 80°. (Note that the value of the common length
PU = AG is immaterial.)

OR

Place the figure in the coordinate plane with P = (—5,0), M = (0,0),
A = (5,0), and T in the first quadrant. Then
U= (-54c0s36°sin36°) and G = (5— cos56°,sin56°),

and the midpoint N of UG is

(% (cos 36° — cos 56°), %(sin 36° + sin 56° )) :

OR

Place the figure in the coordinate plane with P = (—5,0), M = (0,0),
A = (5,0), and T in the first quadrant. Then

U= (-5+co0s36°,sin36°) and G = (5 — cos56°,sin56°),
and the midpoint N of UG is

1 1
(i(cos 36° — cos 56°), §(Sin 36° + sin 56°)) ,
The tangent of ZN M A is the slope of line M N, which is calculated

as follows using the sum-to-product trigonometric identites:

sin 36° + sin 56°

cos 36° — cos H6°

00 ~ 0 .

36 -;—56 .

36°+56°
2

tan(ZNMA) =

36° —56°
2

- 36°—56°
sin 36 256

2sin

—2sin

cos 10°
= ?S = cot 10° = tan 80°.
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2001

24. (D) Let E be a point on AD such that CE is perpendicular
to AD, and draw BE. Since ZADC' is an exterior angle
of AADB it follows that

LADC = /DAB + ZABD = 15° + 45° = 60°. 5

Thus, ACDE is a 30° — 60° — 90° triangle and DE = %C’D = BD. Hence,
ABDE is isosceles and ZEBD = Z/ZBED = 30°. But ZECB is also equal to
30° and therefore ABEC is isosceles with BE = EC. On the other hand,

/ABE = /ABD — ZEBD = 45° — 30° = 15° = ZEAB.

Thus, AABEF is isosceles with AE = BE. Hence AF = BE = EC. The right
triangle AEC' is also isosceles with /FAC = ZECA = 45°. Hence,

LACB = ZECA+ ZECD = 45° + 30° = 75°.

13
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2008A 24. Answer (D): Let C = (0,0), B = (2,2V/3), and A = (z,0) with 2 > 0.
Then D = (1,v/3). Let P be on the positive z-axis to the right of A. Then
4BAD = /PAD — ZPAB. Provided ZPAD and ZPAB are not right angles,
it follows that

tan(ZPAD) — tan(/PAB
S BB S e D — < R = T S tan( 2D AT) tarE(LPAB))

_ Pup—MaAB _ é_g__\/‘z . V3
1+mapmagp 1+i)—§-'§—£ z2—-3z+8
V3 V3
e /3 5 < 4\/5 _ 37
(vo-28) +ova-s
with equality when z = 2v/2. If ZPAD = 90°, then
1 V3
tan(£BAD) = cot(£PAB) = < :
( ) ( ) =571/ 3
If ZPAB = 90°, then
tan(/BAD) = — cot(/PAD) = — < _¥B
V3 4v2-3
Therefore the largest possible value of tan(ZBAD) is v/3/(4v/2 — 3).

OR

Because the circle with diameter BD does not intersect the line AC, it follows
that ZBAD < 90°. Thus the value of tan(£BAD) is greatest when ZBAD is
greatest. This occurs when A is placed to minimize the size of the circle passing
through A, B, and D, so the maximum is attained when that circle is tangent
to AC at A. For this location of A, the Power of a Point Theorem implies that

AC?=CB-CD=4-2=8, and AC = V8 = 2V/2.

Because g—g = g—g, it follows that ACAD is similar to ACBA. Thus AB =

V2AD. The Law of Cosines, applied to AADC, gives
AD?* =CD*+CA?-2CD-CA-cos60° = 12 — 4V/2.

Let O be the center of the circle passing through A, B, and D. The Extended
Law of Sines, applied to AABD and AADC, gives

~ AB  AB
~ sin(£BDA)  sin(ZADC)

20B

_ AB-AD  2AB-AD
~ AC -sin60°  /3AC

_ 2V2AD?* AD?
C2V2vB VB
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2008B 94 Answer (C): Forn > 0, let A, = (an,0), and let cns1 = ani1 — an. Let
By = Ap, and let ¢g = 0. Then for n > 0,

. Cn+1 \/§Cn+1
Bn+1 — (an + 2 . 2 ) )
SO
2
\/§Cn+1 =a, + Cn+1 :
2 2

from which 3¢2 | — 2¢,,41 — 4a,, = 0. For n > 1,

Bn = (a’n - C_na \/§Cn) )

2 2

2
V3en | Cn
5 = an 9

from which 30% + 2¢,, — 4a,, = 0. Hence 3c% 41— 2Cp41 = 4dap = 30;?1 + 2¢,, and

SO

2(cnt1 +cn) = 3(sz+1 - 0121) = 3(cn+1 + cn)(Cn—1 — Cn).
Thus ¢,,41 = ¢, + % for n > 0. It follows that

_2+4+6+ +2n_2 nn+1) n(n+1)
n=37T373 373 9o~ 3 =

Solving n(n + 1)/3 > 100 gives n > 17.

15
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2014A 24. Answer (C): For integers n > 1 and k > 0, if f,,_i(x) = +k, then f,(z) =
k — 1. Thus if fo(z) = £k, then fr(z) = 0. Furthermore, if f,(z) = 0, then

fr+1(z) = =1 and f,42(x) = 0. It follows that the zeros of figo are the solutions
of fo(x) = 2k for —50 < k < 50. To count these solutions, note that

r+ 200 if x < —100,
fo(z) =% —=z if —100 <z < 100, and
x — 200 if x > 100.

The graph of fo(x) is piecewise linear with turning points at (—100,100) and
(100, —100). The line y = 2k crosses the graph three times for —49 < k < 49 and
twice for k£ = +50. Therefore the number of zeros of figo(x) is 99-3+2-2 = 301.

16
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2011A 25. Answer (D): Let

k-1
100 = gk + r, with ¢, € Z and |r| < —5 and

T QIk+7‘1, with qi1,T1 c Z and |7-1| S .k;_l’

so that [1%9] = ¢ and [%] = q1. Note that [n_+Tm_£] = [%] + m for every integer

m. Thus n satisfies the required identity if and only if n + mk satisfies the

identity for all integers m. Thus all members of a residue class mod k either

satisfy the required equality or not; moreover, k divides 99! for every 1 < k < 99,

so every residue class mod £ in the intell'tval 1 < n < 99! has the same number
:—1

of elements. Suppose r > 0. If ry > r — 5=, then

100—n=(q—q)k+(r—mr1),

where 0 < r—r; < "2;1 Thus [IOOT‘"] =q—q = [M] — [%] Similarly, if

ri <r— %1 then

100—-n=(@q-—-q+1)k+(r—r1—k),

where —5-1 < p —r; — k < —1. Thus (2] =g—q+1> [] - [F]- It
follows that the only residue classes r1 that satisfy the identity are those in the
interval r — 51 <y < 2L Thus for r > 0,

1 (k-1 k-1 k—r ||

Similarly, if » < 0 then the identity is satisfied only by the residue classes r1 in
the interval —%551 <y <7+ 551 Thus for r < 0,

1 k-1 k—1 k+r
P(k)=E<r+T+1_(__))= LR =1—m.

To minimize P(k) in the range 1 < k < 99, where k is odd, first suppose that
r = 551, Note that P(k) = 1 + 5, 100 = ¢k + %51, and so 201 = k(2¢ + 1).

The minimum of P(k) in this case is achieved by the largest possible & under

this restriction. Because 201 = 3-67, it follows that the largest factor k of 201 in
the given range is k = 67. In this case P(67) = % + ﬁ = g—;. Second, suppose

r= % In this case P(k) = % + §IT and 199 = k(2g — 1). Because 199 is prime,

it follows that k = 1 and P(k) = 1 > 31. Finally, if |r| < %52, then

r k-3 1 3

Pw =1~ >1- 50 = S g
S B SRS CEEe
=2 2.997 2 2.67T 67

Therefore the minimum value of P(k) in the required range is ?—;4

Created with IDroo.com
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