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UNIT 18 EXERCISES 21-25

COMPLEX
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2009A " 91, Answer (C): Because z'?+az®+bx* +c = p(z?), the value of this polynomial
is 0 if and only if

z* = 2009 + 90027 or z* = 2009 or x4 = 9002.

The first of these three equations has four distinct nonreal solutions, and the
second and third each have two distinct nonreal solutions. Thus p(z*) = z'? +
az® + bz* + ¢ has 8 distinct nonreal zeros.
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22. (E) Note that

iZn iz2 iz2
Zﬂ-l-l —. — — — —] 2.
Zn ZnZa |zl
Since |zg| = 1, the sequence satisfies
= i23, 2 = i2? = i (i22)" = —izd
and, in general, when k > 2,
) 1S
2o = —22(2) .
(22005) (22()05)
Hence z; satisfies the equation 1 = —iz SO z, = 1. Because every
0 0 ’ 0

nonzero complex number has n distinct nth roots, this equation has 22°% solu-
tions. So there are 2299 possible values for z.

OR
Define

cis@ = cosf + isiné.

Then if z,, = rcis # we have

cis (60 + 90°)
z = ——— = = cis (20 + 90°).
ik cis (—6) ( )
The first terms of the sequence are zp = cisa, 21 = cis(2a + 90°) = izd,
L4

zy = cis (4a + 270°) = cis (4da — 90°) = -2, z3 = cis (8a — 90°) = 35{, and, in
general,

e

Zp = — for n > 2.
SO 2005
Z(gz ) (22005) X
22005 = =1 and z; = {.

22005

As before, there are possible solutions for zj.
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22. Answer (A): Let z = a+bi be a solution of the first equation, where

a and b are real numbers. Then (a + bi)?> = 4 + 4V/15i. Expanding
the left-hand side and equating real and imaginary parts yields

a? - =4 and 2ab=4V15.

From the second equation, b = 2‘/_, and subqtltutmg this into the
first equatlon and simplifying gives (ar")2 —4a? —60 = 0, which factors
as (a2 — 10)(a? + 6) = 0. Because a is real, it follows that a = ++/10,
from which it then follows that b = :t\/f—i. Thus two vertices of the
parallelogram are v/10 + v/6i and —v/10 — v/6i. A similar calculation
with the other given equation shows that the other two vertices of the
parallelogram are v/3 4+ i and —v/3 — i. The area of this parallogram
can be computed using the shoelace formula, which gives the area of
a polygon in terms of the coordinates of its vertices (z1,v1), (z2,y2),
, (Zn, yn) in clockwise or counter-clockwise order:

1
5" (z1y2 + 22y3 + - + T—1Yn + Tn¥1)

— (1z2 + Yox3 + - - + Yn—1Tn + Yn1)|.

In this case z; = V10, 11 = V6, 2 = V3, yo = 1, 23 = —/10,
Ys = —V6, x4 = — 3andy4——1 The area is 61/2 — 2v/10, and
the requested sum of the four positive integers in this expressmn is
20.

OR

The solutions of 22 = 4 + 41/15i = 16cis 20, are z; = 4cisf, and its
opposite, with 0 < #; < T and tan 26, = \/15. Then cos26, = 3, and

by the half-angle identities, cos#; = 34C and sinf, = 345. Snnllarly,

the solutions of 22 = 2 + 2\/3i = 4cisfy are 29 = 2cisfy and its
opposite, with 0 < 6, < 5 and tan26, = V3. Then cosfy = % and
sinfy = %

The area of the parallelogram in the complex plane with vertices z;,
zo, and their opposites is 4 times the area of the triangle with vertices
0, z1, and 25, and because the area of a triangle is one-half the product
of the lengths of two of its sides and the sine of their included angle,
it follows that the area of the parallelogram is

1
4 (§ +4-2-sin(6; — 02)) = 16 (sin 6, cos O3 — cos B sinby)

_16<\/_\/— \/_1)

4 2 4 2

= 6v2 — 2V/10.

M e minon iy 35 0 va b ol i g € 1 S 1 AN o O
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23. (A) If r and s are the integer zeros, the polynomial can be written in the form
P(z) = (z —r)(z — s)(2* + az + ).

The coefficient of 23, a — (r +s), is an integer, so « is an integer. The coefficient
of 22, B — a(r + s) + rs, is an integer, so (3 is also an integer. Applying the
quadratic formula gives the remaining zeros as

2

HEESV/ T LA LS

Answer choices (A), (B), (C), and (E) require that o = —1, which implies that

the imaginary parts of the remaining zeros have the form +./43 — 1/2. This is
true only for choice (A).

Note that choice (D) is not possible since this choice requires «

produces an imaginary part of the form /3 — 1, which cannot be

= —2, which
1
5.
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2008A 93 Answer (D): Adding 1 + i to each side of the given equation gives
1+i=(2+42%-622 —4zi—i)+1+i =2+ 4231 - 622 —4zi + 1 = (z +i)*.
Let w = z +1i = r(cos# + isinf). Since

i+1=\/§(cos§+isin§),

the solutions of w* = 1 + i satisfy
1 /7@ 0y T
4 =2 d 0==(—-4+2kn) = —+ =k,
T \/_ an 4(4+ 7r) 16+2
for k=0, 1, 2, or 3. Thus
o1/ (eos (T 4+ T1) 4 isin (o 7 _
wp = 2 (cos(16+2k)+zsm(16+2k)) for k=0,1.2, or 3,

and the four solutions for z = w — 7 are

2z, = 21/8 (cos (111'_6 + gk) + isin (% + gk)) —i fork=0,1,2, or 3.
Note that wg, w,, wy, and ws are equally spaced around the circle of radius
21/8 centered at (0,0), so 2zg, 21, 22, and 23 are equally spaced around the circle
of radius 2'/% centered at (0, —1). Therefore zg, 2y, 22, and 23 are vertices of a
square with side length 21/8y/2 = 25/ and area (2°/8)2 = 25/4,

OR

The Binomial Theorem gives

(z+3) ' =2 +42%1 - 622 —4zi +1= (2" +42% - 622 —4zi — ) + 1 +i=1+i.

Let a satisfy a* = 1+, and let w = z +i. Then w* = a*, so the possible values
for w are a, ia, —a, and —ia, which are the vertices of a square with diagonal
2|a| = 2v/2. The transformation w = z + i is a translation, so it preserves area.
Hence the area of the original polygon is (2v/2)%/2 = 2v/2 = 25/4.
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23. Answer (D): Let f(z)=(2+3 )z The effect of multiplying z by (2 + 3i) is
to rotate z an angle equal to arg( z) = % from the origin, and to magmfy
by a factor of |4 y 1| = Z\/— Tllus the undge S’ of S under f is a square
region with vertices :}:% and :t%i. The area of S’ is (3‘\/5 -2)2. The intersection
of S and S’ is an octagonal region obtained from S’ by removing four congruent
trmnguldr regions. The topmost of these triangles T" has vertices 2 + 1, 21 and

+ i, SO its area equalb +. Then the requested probability is

(3v2-2)°-4-1 7

(tvzy" 9

yll

2 o
/ﬁ S

AN
N

OR

The product is (§ + 3 18)(z +iy) = (ga: - %y) + ( x + 4y)z The point x + iy
w1llbe1n51fandonly1f -1 < % —%y =3 and —1 < m+4y < 1, which
are equivalent to —3 i<r-y<fand-4<z+y < Thub x + yi must be
inside the square w1th vertices :l:4 and :I:%z By symmetry we can look at just
the first quadrant. Because the pOI‘thIl of S in the first quadrant has area 1,
the desired probability is the area of the portion of the interior of this square
W1th1n S 2T};e sqélares intersect at 1 + z and 1 3 + 1, so the desired probability

WL T

yll

4
7T
N
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23. Answer (C): Let X = (z,y). The distance traveled by the bug from A to X

is at least |x + 3| + |y — 2|. Similarly, the distance traveled by the bug from X
to B is at least |z — 3| + |y + 2|. It follows that X belongs to a path from A to
B traveled by the bug if and only if

= |z —3|+|z+3|+ |y — 2|+ |y + 2| < 20.

The expression for d is invariant if x is replaced by —x or y is replaced by —y.
By symmetry, it is enough to count the number of points X with > 0 and
y > 0, multiply by 4, and subtract the points that were overcounted, that is
those in the z-axis or in the y-axis. Consider four cases:

A
e O o | ¢ o o o
® & o oo O o o o
e & o o o 6 o o o 0 o
® & o o o o 9 o o o 0 o o
® & O 0 & o o 9 O © o 0 o o o
.....AO..U....Q...
® & o o © o © 0|9 O O O 0 o o o o
*—0—0—0—0—0—0—& *—0—0—1@ *—P
® & & o & & o o 9 O o O o o O o o
........"..OB.....
® & & o ¢ & o ¢ O o O o o o o
® & & o o o ¢ & o o o o o
® & & o ¢ ¢ o o o o o
® & o o ¢ o o o o
e o o ¢ o o o

Case 1. 0 <z <3 and 0 <y < 2. In this case |x — 3| + |z + 3| = 6 and
ly — 2|+ |y + 2| = 4. Thus d = 10 < 20 and there are 4-3 = 12 points X in this
case. This includes the origin and 5 other points for which zy = 0.

Case2. 0 <z < 3and y > 3. In this case |[x—3|+|z+3| = 6 and |y—2|+|y+2| =
2y. Thus d = 6 + 2y < 20 if and only if y < 7. There are 4 -5 = 20 points X in
this case. This includes 5 points for which zy = 0.

Case 3. z > 4and 0 < y < 2. In this case |[x — 3| + |z + 3| = 2z and
|y — 2|+ |y+2| =4. Thus d = 4+ 2z < 20 if and only if z < 8. There are
-3 = 15 points X in this case. This includes 5 points for which zy = 0.

Case4. z > 4and y > 3. In this case |z—3|+|z+3| = 2z and |y—2|+|y+2| = 2y.
Thus d = 2z + 2y < 20 if and only if x + y < 10. The number of points X in
this case is equal to

10—z

7 £
r=4 y=3

and there are no points with zy = 0.

By symmetry the required total is 4(12 +20+ 15+ 10) —2(5+5+5) — 3 =
4-57—-2-15—-3=195.

7 T
Z (10-z-2)=> (8—z)=4+3+2+1=10,

=4

Created with iDroo.com
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23. Answer (B): If 2} is equal to a positive real 7, then 1 = |z|* = |2§| = |r| =,
so 2% = 1. Suppose that 2§ = 1. If k = 1, then zp = 1, but P(1) =4+a+b+
c+d > 4s0 z = 1is not a zero of the polynomial. If & = 2, then z5 = =1.
If zp = —1, then 0 = P(—-1) = (4 —a) + (b — ¢) + d and by assumption 4 > a,
b>c¢c,andd >0, Thusa=4,b=¢, and d = 0. Conversely, il a =4, b = ¢,
and d = 0, then P(z) = 42% +42% + bz? + bz = z(z + 1)(42* + b) satisfies the
required conditions. If k = 3, then z; = 1 or z; = v where 7 is any of the roots
of Y2 4+941=0.Ifzg=+,then 0= P(y) =4y +a+b(-1=-9)+ecy+d=
(a =b)+d+~((4—0b)+c) and by assumptiona > b, d > 0,4 > b, and ¢ > 0.
Thusa=b,d=0.b=4, and ¢ = 0. Conversely, ifa=b=4andc=d =0,
then P(z) = 4z% + 423 + 422 = 42%(2%2 + z + 1) satisfies the given conditions
because zp = cos(2m/3) + isin(27/3) is a zero of this polynomial. If & = 4, then
2o =x1lorzg=+i. If 2o ==%i,then 0 = P(xi) =4Fia-btic+d=
(4 =b)+d¥Fi(a—c)and by assumption 4 > b, d>0,and 4 > a > b > c. Thus
b=4,d=0,and a = ¢ =4. Conversely, ifa =b=¢ =4 and d = 0, then
P(z) = 42 4+ 42% + 422 + 42 = 4z(z + 1)(2% + 1) satisfies the given conditions,
but it was already considered in the case when zp = —1. The remaining case is
that 2z} is not a positive real number for 1 < k < 4. In this case,

42° — (z=1)P(z) = z'(4 —a) + 2} (a = b) + 22(b—¢) + z(c — d) + d.
If z = 2z, then the triangle inequality vields

4 = |z23(4=a)+z3(a—=0b)+ z3(b—c) + 20(c — d) + d|

12604 = a)| + |z5(a = B)| + |5(b = ¢)[ + |20(c — d)| + |d]
= |z0l" (4 = @) + |zol’ (a = b) + |z0l* (b — ¢) + |20] (c — d) + d
4—a+a-b+b—c+c—-d+d=4

IA

Thus equality must occur throughout. This means that the vectors vy = z3(4 -
a), v3 = zj(a —b), va = z3(b— ¢), v = zp(c — d), and vy = d are parallel and
they belong to the same quadrant. If two of these vectors are nonzero, then the
quotient must be a positive real number; but dividing the vector with the largest
exponent of zy by the other would yield a positive rational number times 2§ for
some 1 < k < 4. Because not all of the v; can be zero, it follows that there is
exactly one of them that is nonzero. If v =d # 0 and v, = vy =v3 = vy =0,
thend=a=b=c=d, and P(z) = 427 + 423 + 422 + 42 + 4 satisfies the given
conditions because z; = cos(2x/5) + isin(27/5) is a zero of this polynomial.
Finally, if v; # 0 for some 1 < j < 4 and the rest are zero, then 42§ = v; = z)n
for some positive integer n, and so zg_’ = ;}n is a positive real.

Therefore the complete list of polynomials is: 42% + 423 + 422 + 42 + 4, 42% +
4z% + 422, and 4z* + 427 + bz? + bz with 0 < b < 4. The required sum is
20412+ o(84+2b) =32+40+ (24446 +8) = 92.
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2002A  24. (E) Let z = a+bi, Z = a — bi, and |z| = Va? + b*. The given relation becomes
2?2092 — 7 Note that

|Z|2002 — i22002| — ‘El — |Z|,

from which it follows that
2| (|2[**" = 1) = 0.

Hence |z| = 0, and (a,b) = (0,0), or |z| = 1. In the case |z| = 1, we have
22002 — 7 which is equivalent to 2293 = Z. 2z = |z|? = 1. Since the equation
22003 = 1 has 2003 distinct solutions, there are altogether 1 + 2003 = 2004
ordered pairs that meet the required conditions.

10
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24. Answer (B): Factoring or using the quadratic formula with 2% as the variable

yields P(z) = (2* — 1)(2* + (4V/3 + 7)). Moreover, 4v/3 + 7 = (v/3 +2)? and
2(V3+2) = 2v3+4 = (V3+1)?; thus 4V3+7 = (3(V6+Vv2)L Ifw = 3(V3+
1), then the eight zeros of P(z) are 1,—1,47, —i,w(1 + 7),w(—1 +1),w(—1 — 1),
and w(l — ).

The distances from 1 to the other zeros are

I1—(-1)|=2,1+i=V2|1-wl+i)| =1 —-w)?+w?=V?2, and
N—w(-1+i)|=v/1+w)?2+w2=1/2V3+4=V3+1.

Similarly, the distances from w(1 + i) to the other zeros are

lw(l+i) —w(l — )| = w1 +i) —w(-1+1)| = 2w=V3+1,
lw(l + 1) —w(—1— )| = 2v2w = V6 + V2,

and by symmetry,

lw(l+1) — 1| = |w(l +1i) —i| = V2, and
lw(l+4) + 1| = |w(l +i) +i| = V3 +1.

Because the set of zeros is 4-fold symmetric with respect to the origin, it follows
that every line segment joining two of the zeros has length at least v/2. This
shows that any polygon with vertices at the zeros has perimeter at least 8v/2.
Finally, note that the polygon with consecutive vertices 1, w(1+1), i, w(—1+1),
—1, w(—1 —14), —i, and w(1 — i) has perimeter 8/2.

w(1+1)

-
-
-
----
-
-
-

w(l-1)

Created with IDroo.com
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2013A  25. Answer (A): Let H={z¢€ C:Im(z) > 0}. If 21,20 € H and f(z1) = f(22),
then 22 — 22 +i(21 — 22) = (21 — 22)(21 + 22 + i) = 0. Because Im(z;) > 0 and
Im(z9) > 0, it follows that zq 4+ 29 + i # 0. Thus z; = 29; that is, the function f
is one-to-one on H. Let r be a positive real number. Note that f(r) = r?2+1+ir
describes the top part of the parabola x = 3%+ 1. Similarly, f(—r) = r2+1—ir
describes the bottom part of the parabola z = y* + 1. Because f(i) = —1, it
follows that the image set f(H) equals {w € C: Re(w) < (Im(w))? + 1}. Thus
the set of complex numbers w € f(H) with integer real and imaginary parts of
absolute value at most 10 is equal to

S={w=a+ibeC:a,beZ, |a| <10, [b| <10, and a < b* + 1}.

Because f is one-to-one, the required answer is |f~!(S)| = |S| and
3 10 3
S|=21"= )" Y 1=441- ) (10—
b=—3 a=b2+1 b=—3

=441 — (146+9+10+9+6+1) = 399.

12
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2017A 95, Answer (E): If z; is an element of the set A = {1/2i, —/2i}, then
2| = V2. Otherwise z; is an element of

1 1 1 1
B=V\A= {\/g(l-{—z), \/§( 1+1), \/g(l i), \/g( 1 z)}

and |z;| = 5. It follows that |P| = H;il |zj| = 1 exactly when 8 of
the 12 factors z; are in A and 4 of the factors are in B. The product
of 8 complex numbers each of which is in A is a real number, either
16 or —16. The product of 4 numbers each of which is in B is one
of %, %i, —%, or —%i. Thus a product P = H;il zj is —1 exactly
when 8 of the z; are from A, 4 of the z; are from B, and the last of
the 4 elements from B is chosen so that the product is —1 rather than
i, —1i, or 1. Because the probability is % that a particular factor z; is
from A, the probability is % that a particular factor z; is from B, and
the probability is % that a particular factor z; is a specific element of
V', the probability that the product P will be —1 is given by

12\ (1\® /2\* /1) 12-11-10-9 1 2* 1 22.5-11
4)\3) \3) \6)  4-3.2.1 3% 3 6 310 °

13



