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UNIT 19 QUESTIONS 16-20

QUADRATICS
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2014B  16. Answer (E): Because P(0) = k, it follows that P(z) = az® + bz? + cx + k.
Thus P(1) =a+b+c+k =2k and P(—1) = —a+b—c+k = 3k. Adding these
equations gives 2b = 3k. Hence

P(2)+ P(-2)=(8a+4b+2c+ k) + (—8a + 4b — 2c + k)
= 8b+ 2k = 12k + 2k = 14k.

OR

Let (P(-2),P(-1),P(0),P(1),P(2)) = (r,3k,k,2k,s). The sequence of first
differences of consecutive values is (3k —r, —2k, k, s —2k), the sequence of second
differences is (r — 5k, 3k, s — 3k), and the sequence of third differences is (8k —
r,s — 6k). Because P is a cubic polynomial, the third differences are equal, so
P(=2)+ P(2) =r+ s = 14k.

1999 17. (C) From the hypothesis, P(19) = 99 and P(99) = 19. Let

P(z) = (z = 19)(z — 99)Q(z) + ax + b,
where a and b are constants and @(z) is a polynomial. Then
99 = P(19) = 19a + b and 19 = P(99) = 99a + b.

It follows that 99a — 19a = 19 — 99, hence @ = —1 and b = 99 + 19 = 118.
Thus the remainder is —z + 118.
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2004B

2004B  18. (E) Let B = (a,b) and A = (—a, —b). Then

2007A

18.

40’ +Ta—1=b and 4a®>—T7a—1= —b.

Subtracting gives b = 7a, so 4a® + 7a — 1 = Ta. Thus

1 4
a’ = 1 and b = (7a)® = Zg’

SO

AB = 2v/a2? + b2 =2\/? = 5V/2.

Answer (D): Because f(x) has real coefficients and 2i and 2 + i are zeros, so
are their conjugates —2i and 2 — i. Therefore

flx)=(z+2)(xz-2i)(x— (2+19))(x - (2—1) = (2?2 + 4)(2® — 4z + 5)
= z* — 42® + 922 — 162 + 20.

Hencea+b+c+d=-44+9-164+20=09.
OR
As in the first solution,
flx) = (x + 2i)(x — 2i)(z — (2+9))(z — (2 — 1)),
SO

a+b+ct+d = f(1)—1 = (142i)(1—2i)(=1—i)(=1+4)—1 = (1+4)(1+1)—1 = 9.
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2011A 43 Answer (A): Let A be the apex of the pyramid, and let the base be the
square BCDE. Then AB = AD =1 and BD = /2, so ABAD is an isosceles
right triangle. Let the cube have edge length z. The intersection of the cube
with the plane of ABAD is a rectangle with height = and width v/2z. It follows
that v2 = BD = 2z + v/2z, from which z = /2 — 1.

A

V2z

B ° *D
V2

Hence the cube has volume

(V2-13=(vV2)3-3(vV2)?+3vV2-1=5V2-7.

OR

Let A be the apex of the pyramid, let O be the center of the base, let P be the
midpoint of one base edge, and let the cube intersect AP at Q. Let a coordinate
plane intersect the pyramid so that O is the origin, A on the positive y-axis,
and P = (3,0). Segment AP is an altitude of a lateral side of the pyramid,

so AP = ‘/75, and it follows that A = (0, ‘/75) Thus the equation of line AP

isy = % — V/2x. If the side length of the cube is s, then Q = (3,8), so

§ = % V2. 3. Solving gives s = V2 — 1, and the result follows that in the
first solution.
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2015A  18. Answer (C): The zeros of f are integers and their sum is a, so a is an integer.
If r is an integer zero, then r> — ar 4+ 2a = 0 or

f)
P 4

So ri‘z = a —r — 2 must be an integer, and the possible values of r are 6, 4,
3,1, 0, and —2. The possible values of a are 9, 8 0, and —1, all of which yield
integer zeros of f, and their sum is 16.

OR

As above, @ must be an integer. The function f has zeros at

a++vVa? - 8a

2

r —

These values are integers only if a®> — 8a = w? for some integer w. Solving for a
in terms of w gives a = 4+ V16 + w?, so 16+ w? must be a perfect square. The
only integer solutions for w are 0 and £3, from which it follows that the values
of a are 0, 8, 9, and —1, all of which yield integer values of . The requested
sum is 16.

2003A 19 (D) The original parabola has equation y = a(x — h)? + k, for some a, h, and

k, with a # 0. The reflected parabola has equation y = —a(xz — h)? — k. The
translated parabolas have equations

f(x)y=a(x—h£5)?%+k and g(z)=—a(x —hF5)?% -k,

SO
(f +9)(z) = £20a(x — h).

Since a # 0, the graph is a non-horizontal line.
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2001 19. (A) The sum and product of the zeros of P(z) are —a and —c, respectively.

Therefore,
a
—3=—¢= l+a+b+ec.
Since ¢ = P(0) is the y-intercept of y = P(x), it follows that ¢ = 2. Thus a = 6
and b= —11.

2009B 19. Answer (E): Note that f(n) = n*+40n*+400—400n* = (n*+20)*—(20n)* =
(n? 4 20n + 20)(n? — 20n + 20). Because the first factor is greater than 1, the
product cannot be prime unless the second factor is 1. The solutions of the
equation n? —20n+20 = 1 are 1 and 19. The values of f(1) = 12420-1+420 = 41
and f(19) = 192 + 20 - 19 + 20 = 761 are prime, and the requested sum is
41 4+ 761 = 802.
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2011A 20. Answer (C): Because DFE is parallel to AC and EF is parallel to AB it
follows that /ZBDFE = ZBAC = ZEFC. By the Inscribed Angle Theorem,
/ZBDE = /BXFE and ZEFC = LZEXC. Therefore /BXE = ZEXC. Fur-
thermore BE = EC, so by the Angle Bisector Theorem X B = XC. Note that
/ZBXC =2/BXFE = 2/BDFE = 2/BAC, and by the Inscribed Angle Theo-
rem, it follows that X is the circumcenter of AABC,so XA=XB=XC=R
the circumradius of AABC.
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Let a = BC, b = AC, and ¢ = AB. The area of AABC equals ﬁ(abc), and by

Heron’s Formula it also equals \/s(s — a)(s — b)(s — ¢), where s = 2 (a + b+ ¢).
Thus

abe 13-14-15 65

R= — = —,
4/s(s—a)(s—b)(s—c) 4v21-8-7-6 8
and XA+ XB+ XC =3R =132

2012A o). Answer (B):

A factor in the product defining P(x) has degree 2012 if and only if the sum of
the exponents in z is equal to 2012. Because there is only one way to write 2012
as a sum of distinct powers of 2, namely the one corresponding to its binary
expansion 2012 = 111110111004, it follows that the coefficient of 22°'? is equal
to 20.2% . 9% = 29,

Note: In general, if 0 < n < 2047 and n = ZjeA 2 for A C {0,1,2,...,10},

then the coefficient of ™ is equal to 2 where a = (121) —Djeald:



